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Introduction

abual | esagybs

YOUR WAY TC SUCCES

» o Overview of Macromechanical Analysis of a
Lamina

» o |Importance of Compliance and Stiffness Matrices
» o Applications in Composite Materials
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S Topics to be Covered 0¥
Topics to be Covered
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» o Compliance and Stiffness Matrix

* o Transformation of Stresses and Strains
* o Engineering Constants

* o Strength Failure Theories

» o Example Calculations
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Objectives
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» o Understand 2D Stiffness and Compliance Matrices
« o Apply Hooke's Law for 2D Angle Lamina

» o Analyze Global and Local Stress-Strain
Relationships

* o Fvaluate Strength Failure Theories
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ements in Terms of

Elastic Constants

FIGURE 3.1

Application of stresses to
find engineering constants
of a unidirectional lamina
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(a) Tensile load in direction 1

(b) Tensile load in direction in 2

(c) Pure shear stress in plane of 1-2



Pure Axial Load in Direction 1

Apply a pure axial load in direction 1
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Pure Axial Load in Direction 2
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Reciprocal Relationship
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Pure Shear Load in Plane 12
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Apply a pure shear load in Plane 12
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Compliance Matrix
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Coefficients of Stiffness Matrix
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3D and 2D stiffness matrices
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Hooke's Law for a 2D Angle Lamina
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Relationship of Global and Local Stresses
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Relationship of Global and Local Strains

abaal @] sapks
€11 [ c? s? sc 1 [&x
Y12l L—2sc 2sc c¢? —s?1 LVxy.
[ m_ 5 2sc .
o | = 32 cz —2sc g,
_TIE_ —S5C  5C CE_SE T
T €1 1 [c? s? 2sc ] €x
€2 |=]|s? c¢? —=2sc €y
Y12/ 2. —sc  sc c?—s?. _ny/z_

COLLEGE OF ENGINEERING - dsssiml| a4l&
Tikrit University - cu)$s a=ola




Relationship of Global and Local Strains
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Expanding Global Strain-Local Strain Relatio
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Global Stress and Strain
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Transformed Compliance Matrix
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Transformed Reduced Stiffness Matrix
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Transformation of stresses
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Example 3.1Structural Designﬁallenge

Bl sl
You are an ensgineer designing a lightweight aerospace *“ur;-ﬁf
oanel. The material used is a unidirectional composite o s
lamina subjected to normal and shear stresses.

e How does stress transformation affect material behavior?
e How would a 45° rotation impact the stress distrioution”?

Given Data:

A unidirectional composite lamina is subjected to the following stresses:
* Mormal stress in the x-direction: o = 50 MPa

* MNormal stress in the y-direction: o, = 30 MPa

* Shear stress: 7, = 10 MPa

* The lamina is rotated by 45°.

We need to find the transformed stresses (o, o), and 7, ) in the new coordinate system.
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For 8 = 457
* cosBl" =10 alaill @} gy
* sin90" =1

Using the given values (o, = 50, o, = 30, 7, = 10}

50 50 — 30
ol =2 ;3ﬂ+"ﬂ2 0+ (10 x 1)

b1l
a’ =E+ﬂ+1ﬂ=dﬂ+1ﬂ=5ﬂMPa

H

, 50+30 50—30

Ty =" 2 0 — (10 = 1)
80
oy =7 —0—10=40—10 = 30 MPa
50 — 30
Tay = — 5 " 1+(10x0)
20
T;.y=—?-|—ﬂ=—1ﬂMPa
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You are analyzing the structural integrity of a
Graphite/Epoxy lamina under multi-axial loading

conditions.

How can we determine if a lamina will fail under
given stresses”?

Which failure theories should be used?
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Using Maximum Stress Failure Theory:

* Failure occurs if any of these conditions are violated: dlal gt
oy < Xy, o1 > A,

ﬂ.?i}q‘: J‘&}}:}'

T2 < 8

Evaluating each condition:

e 100 = 200 — Safe
e 30 = 5l — safe
o ) = 4() — Safe

Result:

* The lamina i1s safe under the given stress conditions.
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Pure Axial Load in Direction x
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FIGURE 3.3

Application of stresses to find

engineering constants of an angle lamina
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Engineering Constants
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Pure Axial Load in Direction y
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Application of stresses to find
engineering constants of an angle lamina
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Engineering Constants
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Pure Shear Load in x-y Plane
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FIGURE 3.5
Application of stresses to find
engineering constants of an angle lamina
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Engineering Constants
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Stress-Strain Relationships for ia‘rf(
Angle Lamina o
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Engineering Constant E, of an Angle @
Lamina sl iy
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— 311C4+(2 ST S66)32 C2+ S S4

:ic4+( 1 _2V12)32C2+is4
= G Ei E.
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Engineering Constant E, of an Angle @
Lamina sl iy
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Engineering Constant G,, of an Angle @
Lamina sl iy
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Engineering Constant m, of an Angle
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mx: _ §16 El
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Engineering Constant m, of an Angle @
Lamina sl iy
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my— _§26 E1
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Example 3.3 Optimizing Engineering Constants

You are tasked with selecting a composite lamina for iz

an automotive application requiring high stiffness
and minimal weight.

e What role do engineering constants play in material
selection?

e How can compliance and stiffness matrices be
used for material evaluation”

A composite lamina with the following properties:

* Longitudinal modulus: £ = 140 GPa
*  Transverse modulus: F+» = 10 GPa
* Shear modulus: (712 = 5 GPa

* Poisson's ratio: 115 = (0.3
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Using stress transformation equations:

bl o] iyl
O + 0O Ty — (T )
gl = 12 L4 IE % cos 26 + 74, sin 26
Or + 0O Ty — O .
g, = I—EE — ——E 0520 — 74, 5in 260
I Jz_ﬂ -
szz——zﬁsmﬂﬂ-l—nymﬁﬂﬂ

Substituting values for @ = 45
e g, = 40 MP3
* o, = 20MPa

¢ 71, = 15MPa
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Invariant Form of Stiffness Matrix

O x Q11 le Q16 Ex

oy |=|Qun Qun Qx| &y
| Txy_ _Q16 Q. Q66_

7/xy

611: U,+U,CO0S 29+U 3COS 40
612:U 4—U3COS4(9

622:U1_U > COS 29+U 3COS 46

Q= U22 sin 20+ ,sin 40

626 %sm 20 —U ;Sin 40

Qo= —(Ul U.) —U3C0s40

COI.LEGE OF ENGINEERING - dsssiml| a4l&
Tikrit University - cu)$s asola

1
U, = g (3Q,,+3Q,,+2Q,,+4Qy;)
1

U.= E (Qu —Qy)

1

Us= g (Qu+Q, —2Q, —4Qg)

1

U.= P (Q,,+Q,,+6Q,, —4Qq,)
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Invariant Form of Compliance Matrix

Ex Suu Si S| o«

Ey|=| S S» Sxl||loOy|:

7/xy _§16 §26 §66_ Txy

S, = V1+V,C0s826 + ;0S40 1
11 1 2 3 V1:§(3811+3822+2812+866)’

S, =V4 —V3;Co0s460,

1
_ _le |
S,,=V1 —-V,C0s20+V,;Cos40, Vo 2( 1~ S2)

_ . _ 1
S;s = V2 SIN20 + 2V ; sin4g, V3:§(511+Szz —2S15 —Ses )
§26:V28in29_2V38in 40, V4:%(511+522+6 S12— Ses )

Ses = 2(V1—V4)—4Vv;Cos4o,
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Strength Failure Theories .« -
for an Angle Lamina

* The failure theories are generally based on the normal and shear
strengths of a unidirectional lamina.

* |nthe case of a unidirectional lamina, the five strength parameters are:

QA Longitudinal tensile strength (O'I )un

O Longitudinal compressive strength (O'f)ult
O Transverse tensile strength (g£ )ult

O Transverse compressive strength (gg )ult

U In-plane shear strength (T 12 )ult
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Maximum Stress Failure Theory
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* The lamina is considered to be failed if:

_(O'f)ult S()-1S(O'I)ult’ or s
_(O'g)ult Yoy S(O';)ult’ or 2%
- (712 )ult ST S (712 )ult

IS violated.

* Note that all five strength parameters are positive numbers.
* Each component of stress does not interact with each other.
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Example 3.4
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Find the maximum value of 5>0 if a stress of o, =2S,0, =-3S,and 7,, =4S

s applied to a 60° lamina of Graphite/Epoxy. Use Maximum Stress failure theory.
Use properties of a unidirectional Graphite/Epoxy lamina given in Table 2.1 of the
textbook Mechanics of Composite Materials by Autar Kaw.

b
7700

FIGURE 3.5
Off-axis loading in the x-direction
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http://autarkaw.com/books/composite/index.html

Solution

<
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The stresses in the local axes are

o1| | 02500 0.7500 08660 | 2S
0.7500 0.2500 -0.8660 || -3S
1-04330 04330 -0.5000| 45

0?2

T12

- 01714x10"

-0.2714x10" | S.

_-O.4165><1()1_
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Solution

alail @11 by
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The ultimate strengths of a unidirectional Graphite/Epoxy lamina are:
(67 ),, =1500 MPa,
(¢°),, =1500 MPa,
(67 ), =40 MPa,
(6%),, =246 MPa,
(1), = 68 MPa.
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Solution

Then using the inequalities of the Maximum Stress Failure Theory:

~1500(10°) < 0.1714(10")S <1500(10°),
—246(10°) < —0.2714(10")S < 40(10°),
—68(10°) < —0.4165(10")S < 68(10°),

Of,  _875.1(10°) < S < 875.1(10%),

—~14.73(10°) < S < 90.64(10°)
~16.33(10°) < S <16.33(10°).

All the inequality conditions (and ° >0 Jare satisfied if 0<S <16.33MPa.
The above inequalities also show that the angle lamina will fail in shear. The

01

0?2

T12

[ 01714x10"

-0.2714 x10*

| -0.4165x 101_

maximum stress that can be applied before failure is:
o, =3266 MPa,o,=-4899 MPa,r,,=6532 MPa.
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