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Introduction

• • Overview of Macromechanical Analysis of a 
Lamina

• • Importance of Compliance and Stiffness Matrices

• • Applications in Composite Materials



Topics to be Covered

• • Compliance and Stiffness Matrix

• • Transformation of Stresses and Strains

• • Engineering Constants

• • Strength Failure Theories

• • Example Calculations



Objectives

• • Understand 2D Stiffness and Compliance Matrices

• • Apply Hooke's Law for 2D Angle Lamina

• • Analyze Global and Local Stress-Strain 
Relationships

• • Evaluate Strength Failure Theories



Compliance and Stiffness Matrix  Elements in Terms of 
Elastic Constants

    

(a) Tensile load in direction 1

(b) Tensile load in direction in 2

(c)  Pure shear stress in plane of 1-2

FIGURE 3.1
Application of stresses to
find engineering constants
of a unidirectional lamina



Pure Axial Load in Direction 1

Apply a pure axial load in direction 1 
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Pure Axial Load in Direction 2

Apply a pure axial load in direction 2 

000 1221 =τ, σ, σ =























































τ

σ

σ

 

S

SS

SS

 = 

γ

ε

ε

12

2

1

66

2212

1211

12

2

1

00

0

0

S
=

ε

σ
E

222

2
2

1


.
S

S
 =

ε

ε
 ν

22

12

2

1
21 −−

E
=S

2

22

1

E

ν
=S

2

21
12 −

0
12

2222

2121

=γ

σS=ε

σS=ε



Reciprocal Relationship
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Pure Shear Load in Plane 12

Apply a pure shear load in Plane 12 
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Compliance Matrix 
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Coefficients of Stiffness Matrix
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3D and 2D compliance matrices
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3D and 2D stiffness matrices
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Hooke's Law for a 2D Angle Lamina

FIGURE 3.2
Local and global axes of an angle lamina



Relationship of Global and Local Stresses
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Relationship of  Global and Local Strains
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Relationship of  Global and Local Strains

  

s-c-scsc

sccs

sc-sc

 = 

 

s-cscsc

sccs

scsc

 = 

xy

y

x

xy

y

x



























































































−

−



















2/

2

2

2/

2/

2

2

2/

12

2

1

22

22

22

22

22

22

12

2

1

































































































−

2/

][

2/

2/

][

2/

12

2

1

1

12

2

1

























 T = 

 T = 

xy

y

x

xy

y

x



Expanding Global Strain-Local Strain Relationship
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Global Stress and Strain
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Transformed Compliance Matrix
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Transformed Reduced Stiffness Matrix
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Transformation of stresses

𝜎1 = 𝜎𝑥 𝑐𝑜𝑠2 𝜃 + 𝜎𝑦 𝑠𝑖𝑛2 𝜃 + 2 𝜏𝑥𝑦𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠(𝜃)

 
𝜏12 = 𝜎𝑥sin 𝜃 cos 𝜃 − 𝜎𝑦sin 𝜃 cos 𝜃 + 𝜏𝑥𝑦(cos2 𝜃 − sin2 𝜃)



Stress Transformation

 
 

  

 



Example 3.1Structural Design Challenge
You are an engineer designing a lightweight aerospace 
panel. The material used is a unidirectional composite 
lamina subjected to normal and shear stresses.

• How does stress transformation affect material behavior?

• How would a 45° rotation impact the stress distribution?



Solution:





Example 3.2

You are analyzing the structural integrity of a 
Graphite/Epoxy lamina under multi-axial loading 
conditions.

How can we determine if a lamina will fail under 
given stresses?

Which failure theories should be used?
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FIGURE 3.3
Application of stresses to find
engineering constants of an angle lamina



Engineering Constants
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Pure Axial Load in Direction y
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(b) FIGURE 3.4
Application of stresses to find
engineering constants of an angle lamina
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Pure Shear Load in x-y Plane
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FIGURE 3.5
Application of stresses to find
engineering constants of an angle lamina



Engineering Constants
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Stress-Strain Relationships for 
Angle Lamina
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Engineering Constant Ex of an Angle 
Lamina
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Engineering Constant Ey of an Angle 
Lamina
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Engineering Constant Gxy of an Angle 
Lamina
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Engineering Constant mx of an Angle 
Lamina
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Engineering Constant my of an Angle 
Lamina
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Example 3.3 Optimizing Engineering Constants

You are tasked with selecting a composite lamina for 
an automotive application requiring high stiffness 
and minimal weight.

• What role do engineering constants play in material 
selection?

• How can compliance and stiffness matrices be 
used for material evaluation?



Solution 



Invariant Form of Stiffness Matrix
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Invariant Form of Compliance Matrix
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Strength Failure Theories 
for an Angle Lamina

• The failure theories are generally based on the normal and shear 
strengths of a unidirectional lamina.

• In the case of a unidirectional lamina, the five strength parameters are:

❑ Longitudinal tensile strength

❑ Longitudinal compressive strength 

❑ Transverse tensile strength

❑ Transverse compressive strength

❑ In-plane shear strength
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Maximum Stress Failure Theory

• The lamina is considered to be failed if:

       is violated. 

• Note that all five strength parameters are positive numbers.

• Each component of stress does not interact with each other.
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Example 3.4 

Find the maximum value of S>0 if a stress of SSS xyyx 4 and,3,2 =−== 

is applied to a 60o lamina of Graphite/Epoxy.  Use Maximum Stress failure theory.  
Use properties of a unidirectional Graphite/Epoxy lamina given in Table 2.1 of the 
textbook Mechanics of Composite Materials by Autar Kaw.

FIGURE 3.5

Off-axis loading in the x-direction

http://autarkaw.com/books/composite/index.html
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Solution

The ultimate strengths of a unidirectional Graphite/Epoxy lamina are:
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Solution
Then using the inequalities of the Maximum Stress Failure Theory:
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All the inequality conditions (and 
The above inequalities also show that the angle lamina will fail in shear.  The 
maximum stress that can be applied before failure is:
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